Data from direct numerical simulations have been correlated to examine the effects of Reynolds number on vorticity fluctuation profiles. Three different scalings are found: two in the inner region and the third in the outer region. In the inner region a two-term asymptotic expansion is required to represent the mean square vorticity profiles; ͗͘ # = ͗͘ 0 # + ͗͘ 1 + u ‫ء‬ / U 0 . The first scaling ͗͘ 0 # = ͗͘ 0 / ͑u ‫ء‬ 3 U 0 / 2 ͒ is for inactive motions that do not generate Reynolds shear stress. It applies to the streamwise and spanwise components. However, the zero-order term is zero for the normal vorticity component. The scrubbing of the inactive motions over the wall generates vorticity, which is a maximum at the wall, and diffuses out to about y + = 50 before it decays. The fluctuating viscous wall shear stress is due entirely to this motion, and as a result the stress ratio ͑rms/mean͒ Ј/ 0 = C ͱ U 0 / u ‫ء‬ depends on the Reynolds number. The second scaling ͗͘ 1 + = ͗͘ 1 / ͑u ‫ء‬ 4 / 2 ͒, the same scaling as the Reynolds shear stress, is active motions. All three components participate in these motions, which are zero at the wall, rise to a peak at about y + = 13-20, and fall to zero at about y + = 400. This is consistent with the fact that the Reynolds shear stress is identically zero at the wall. The third scaling correlates data in the outer region using the Kolmogorov time scale ͗͘ / ͑u ‫ء‬ 3 / h͒. Matching between the inner and outer regions has a common part ͑the equivalent of the log law͒ of ϳC / y + or ϳC / Y for all three components. All components decrease further and become isotropic as the centerline is approached. Scaling with the Kolmogorov scale implies that dissipation is the important activity. The correlated data are fitted to simplified equations that can be formed into composite expansions to predict profiles at any Reynolds number.
I. INTRODUCTION
The proper scaling for mean square vorticity fluctuations in turbulent channel flows is determined in this article. The correlations indicate time-averaged behavior, imply general physical behavior, and form a basis for predicting profiles at any Reynolds number. This information provides an envelope for which conjectures about detailed turbulent mechanisms must comply and fulfill.
Motivation for the present approach comes from new information about velocity fluctuations, and the fact that vorticity and velocity are linearly related. It is firmly established that the Reynolds shear stress ͗uv͘ scales with the friction velocity u ‫ء‬ ͑coordinates and fluctuating velocities are streamwise x, u; normal y, v; and spanwise z, w͒. Moreover, for nearly 80 years it was the common lore that all turbulent fluctuations scaled with the friction velocity u ‫ء‬ . A very significant experiment is published in DeGraaff and Eaton. 1 From their boundary layer data they propose that the streamwise Reynolds stress ͗uu͘ scales with the mixed scale ͱ u ‫ء‬ U 0 , in other words, the quantity ͗uu͘ / ͑u ‫ء‬ U 0 ͒, where U 0 is the centerline velocity, is of order one. Previously, Spalart 2 concluded that for the inner region, ͗uu͘ / u ‫ء‬ 2 would increase like U 0 / u ‫ء‬ for high Re ‫ء‬ . This is equivalent to a mixed scaling for the inner region. Metzger et al. 3 verified mixed scaling at high Reynolds numbers by measuring ͗uu͘ in an atmospheric boundary layer. For pipe flow, Morrison et al. 4 could not confirm a mixed scaling; however, there are questions about the accuracy of hot-wire measurements near walls ͑a graphic illustration of hot-wire length effects is documented in Nickels et al. 5 ͒. With regard to channels Hoyas and Jiménez 25 concluded that u * does not scale ͗uu͘ properly. A mixed scaling for ͗uu͘ was found to be appropriate for pipes and channels by Panton. 6 The first use of mixed scaling might be Alfredsson and Johansson 7 in another setting. Of course, a mixed scaling contradicts the common lore that all fluctuations scale with u ‫ء‬ . Mixed scaling remains controversial and is not accepted by all researchers. Another issue is the fact that the streamwise Reynolds stress ͗uu͘ is very much larger than the Reynolds shear stress ͗uv͘. Part of the u fluctuations is not associated with v fluctuations and does not produce Reynolds shear stress. Townsend 8, 9 rationalized this by introducing the concept of active and inactive motions. Motions that contribute intrinsically to the net Reynolds shear stress are called "active," and those that do not make essential contributions are "inactive."
The wall inhibits vertical motions that are necessary to form the Reynolds shear stress. The vertical velocity component v is regarded as completely active, while the longitudinal and transverse components have both active and inactive motions. Townsend did not envision an inactive ͑or active͒ motion as a coherent eddy or a Fourier component. For example, an eddy may be active far from the wall, but the motion near the wall is inactive because the v component is suppressed and negligible, Fig. 1 . Townsend constructed a model of the inactive fluctuations by visualizing that attached eddies grow in scale in proportion to y. This model has been modified and extended by the Melbourne group. A summary is in Perry and Marusic 10 and the latest article is in Kunkel and Marusic.
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The work herein uses Townsend's basic concept, but does not rely on any model or ideas about similarity in y.
It is sometimes said that the inactive motions are effectively irrotational ͑Bradshaw 12 ͒. The emphasis is on "effectively" because irrotational motions, although they produce Reynolds stress, have no effect on the mean velocity profile ͑as discussed in Pope 13 ͒. This paper will quantify a substantial vortical component to the inactive motions.
In turbulent wall layers there are two distinct velocity scales, u ‫ء‬ and U 0 . In the limit of high Reynolds number they separate according to
͑1.1͒
Here, and A are constants while Re ‫ء‬ = u ‫ء‬ h / is the ratio of the shear layer thickness h to the viscous length / u ‫ء‬ . There are other velocity scale parameters; however, they are all in some way related to these two distinct scales. It is well known, if not universally accepted, that there are two regions in the distance from the wall. The inner region is scaled with the viscous length giving the variable y + = yu ‫ء‬ / , and an outer region scaled by the turbulent thick-
A variable is properly scaled in the outer region if the nondimensional form is finite and nonzero in the limit of high Reynolds number with Y fixed. For example, the streamwise Reynolds stress ͗uu͘ is properly scaled because F 0 is of order one,
Streamwise stress scaled as ͗uu͘ / u ‫ء‬ 2 becomes unbounded as 1 / ln͑Re ‫ء‬ ͒ in light of Eq. ͑1.1͒. Note that the limit Re→ ϱ is equivalent to the limit u ‫ء‬ / U 0 → 0, and they are spoken of as interchangeable.
In the same way, a variable is properly scaled in the inner region if the nondimensional form is of order one in the limit of high Reynolds number with y + fixed. The inner limit leads to the inner function f 0 ͑y + ͒. An overlap between the inner and outer functions exists. In simple situations, when Van Dyke's matching rule applies, the overlap is a function known as the common part; F cp = F͑Y → 0͒ = f 0 ͑y + → ϱ͒. Matching between the regions leads to a common part function. For the velocity the common part is the log law, for the Reynolds shear stress the common part is a constant. For the vorticity fluctuations the common part will be found to be C / Y or C / y + . A frequent proposition in turbulence is that a layer exists where a quantity scales with u ‫ء‬ and y. This is an argument seeking special spatial similarity, and is not employed here. We only seek scalings that render a quantity independent of Reynolds number where either Y or y + is the independent variable.
The analyzed data are from channel flow DNS. Therefore it does not directly apply to the outer region of pipes or boundary layers. It is generally thought that the inner regions of channels, pipes, and boundary layers are at least qualitatively, and in several respects quantitatively, similar. Many researchers view that the Reynolds stress producing mechanism is an autonomous process in the inner region. Outer regions of pipes, boundary layers, and channels are quantitatively different, but have the same scaling patterns. In so far as outer events affect inner region activities, we expect quantitative differences but scaling similarities. Similarities and differences that occur in the inner region for channels, pipes, and boundary layers are a current area of research. See, for instance, Monty et al.
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II. BACKGROUND AND FORMULATION OF APPROACH
Since vorticity and velocity fluctuations are linearly related it is useful to review scaling aspects of velocity fluctuations. Consider that DeGraaff and Eaton 1 found that the fluctuating streamwise velocity u scales with ͱ u ‫ء‬ U 0 , and Townsend asserted that u has an inactive motion. However, u must also participate in the Reynolds shear stress ͗uv͘, which scales with u ‫ء‬ 2 . At least two distinct processes determine u. With these facts in mind, it is proposed that an asymptotic expansion for ͗uu͘ as Re ‫ء‬ → ϱ should start with two terms, ͗uu͘ 0 and ͗uu͘ 1 , with different scalings. The nondimensional form is
͑2.1͒
The two terms are of different orders, and the quantity u ‫ء‬ / U 0 ͑Re ‫ء‬ ͒ appears as a gauge function for the higher-order term. As the Reynolds number becomes very high, ͗uu͘ is dominated by the first term with mixed scaling. It is not entirely unusual that two terms are needed for a reasonable description of wall turbulence. For example, the outer mean velocity expression is
The function W͑Y͒ is the well known wake law. Townsend's original idea was that active motions make an intrinsic contribution to the Reynolds shear stress and Recall that vorticity has dimensions of velocity over length. The nondimensional scale for the viscous length is / u ‫ء‬ . As a matter of notation velocity quantities scaled by u ‫ء‬ will be given a + superscript and those scaled by ͱ u ‫ء‬ U 0 will be given # superscript. With different velocity scalings, the nondimensional forms are
These scalings will be tested to see if they produce a collapse of the data as the Reynolds number becomes high. For any component, say the x-direction component, it is proposed that inner and outer representations have asymptotic expansions
and
The subscripts o and i are for the outer and inner regions, while the zeroth-and first-order subscripts 0 and 1 indicate the order of the term. Another requirement is that the two equations match; the behavior of Eq. ͑2.4͒ as Y → 0 matches that of Eq. ͑2.5͒ as y + → ϱ. In principle, the different terms in Eq. ͑2.4͒ are found by repeated application of the limit process,
With ͗ x x ͘ o_0 # known from Eq. ͑2.6͒,
For the inner functions, similar limits are preformed on Eq. ͑2.5͒ while y + is held constant, and the subscripts o _ 0 and o _ 1 are changed to i _ 0 and i _ 1. Very accurate and extensive data at several high Reynolds numbers are needed to apply these processes with confidence.
III. FLUCTUATION DATA
The measurement of vorticity is a very difficult task that has been reviewed by Wallace and Foss 15 and by Andreopoulos et al. 16 Figure 2 shows direct experimental measurements for the spanwise vorticity fluctuations in boundary layers at Reynolds numbers from Re ‫ء‬ = 388 to 2 ϫ 10 6 . The sources are Priyadarshana et al., 17 Balint et al., 18 Honkan and Andreopoulos, 19 Metzger and Klewicki, 20 Klewicki, 21 Agui and Andreopoulos, 22 Meinhart and Adrian, 23 and Rajagopalan and Antonia. 24 From Fig. 2 it is seen that experimental measurements are not refined enough to define Reynolds number trends. Nevertheless, Andreopoulos et al. 16 conclude that there is a tendency for values to increase with Re ‫ء‬ in the viscous sublayer and buffer region. On the other hand, precise DNS data from Hoyas and Jiménez, 25 Jiménez and Hoyas, 26 and Del Álamo and co-workers 27,28 ͑available at http://torroja.dmt.upm.es/ ftp/channels͒ exist at four Reynolds numbers; Re ‫ء‬ = 186, 547, 934, and 2003. The first data set is barely turbulent ͑it is a repeat of the calculation of Kim et al. 29 ͒ while the last one shows many aspects of fully developed turbulence, including a good separation of inner and outer layers. Also, in the Re ‫ء‬ = 2003 spectra data there is a reasonable separation between the largest and smallest scales according to Jiménez and Hoyas. 26 To establish confidence in the DNS database, and in particular the composite expansion procedures, the Reynolds shear stress ͗uv͘ is correlated. The Reynolds shear stress has inner and outer representations g͑y + ͒ and G͑Y͒. An additive composite expansion is uniformly valid and contains a Reynolds number effect,
The outer function for ͗uv͘ is known from theory as G͑Y͒ =1−Y, and the common part is therefore G cp = G͑Y → 0͒ =1. solve for g͑y + ͒. This is done by inserting DNS data for ͗uv͘ and the known outer function to get
͑3.2͒ Figure 3 shows DNS data processed in this way. Curves for all Reynolds numbers correlate very well and thus validate expression equation ͑3.1͒. Even the Re ‫ء‬ = 180 curve correlates nicely. The major deviations are actually in the outer region where each curve becomes unity at y + =Re ‫ء‬ . In principle the asymptotic trend is
In general, we cannot expect this good result for other quantities as different dependent variables approach their asymptotic state at different rates. It is, however, very encouraging that this important Reynolds stress is so robust.
As an aside, an analytic expression that fits the DNS data, also shown in Fig. 3 , is
͑3.4͒
Here = 0.40 and C 0 = 6.222. ͑In Panton 30 the power of the bracket was 2 instead of 2.5.͒ It is interesting to note that Eq. ͑3.4͒ does not have a Taylor series about y + = 0. Many researchers subscribe to the assumption that velocities have a Taylor's series expansion about the wall. With this assumption the power of the bracket is 2 as g ϳ y +3 leaving the wall. However, for this simple function the power 2.5 fits the data better for y + Ͼ 1. This in no way implies that the true behavior is not g ϳ y +3 since the DNS data do not correlate for the very low values when y + Ͻ 1. The DNS data for profiles of all vorticity fluctuation components at Re ‫ء‬ = 2003, the highest value, are shown in Fig. 4 . At the wall, finite values for the x and z components occur, as they should. These components are directly related to the fluctuating wall shear components, because at the wall x = ‫ץ‬w / ‫ץ‬y and z =−‫ץ‬u / ‫ץ‬y. All components have a finite slope at the wall that is visually deemphasized by the logarithmic coordinate scale. The y component is theoretically zero at the wall. A bump occurs about y + =14 in the y-component before rapidly falling to zero. It is noteworthy that at y + ϳ 14 the other components also have a bump in their profiles as they also rapidly trend toward zero. A major assumption of this paper is that the bumps are the result of a common physical process. The trends in Fig. 4 are typical of profiles at all Reynolds numbers. Figure 5 shows the data for ͗ x x ͘ + and ͗ z z ͘ + in the traditional inner scaling. There is a significant variation with Reynolds number indicating that this scaling is not proper.
IV. INITIAL ANALYSIS OF THE OUTER REGION
First, consider the outer region and the limit process equation ͑2.6͒. Reynolds number trends for ͗ x x ͘ # ͑Y ,Re ‫ء‬ ͒ are shown in Fig. 6 . As Re ‫ء‬ → ϱ, for fixed Y, it is apparent that ͗ x x ͘ # → 0, except at the origin ͑which is the singularity of the inner region͒. According to Eq. ͑2.6͒ this limit yields ͗ x x ͘ o_0 # ͑Y͒ = 0. Data for the other components, ͗ y y ͘ # ͑Y ,Re ‫ء‬ ͒ and ͗ z z ͘ # ͑Y ,Re ‫ء‬ ͒, show the same trends; the curves approach zero as Re ‫ء‬ → ϱ. The conclusion is that this is not a proper scaling in the outer region.
Since the zero-order part is zero, Eq. ͑2.7͒ shows that the limit Re ‫ء‬ → ϱ of ͗ x x ͘ + ͑Y ,Re ‫ء‬ ͒ will be the first-order part. Reynolds number trends for ͗ x x ͘ + ͑Y ,Re ‫ء‬ ͒ are shown in Fig. 7 . As Re ‫ء‬ → ϱ for fixed Y it is again apparent that + are zero in the outer region. Vorticity fluctuations in the outer region are not completely irrotational. They are of a higher order than considered above. After the inner region is discussed, this higher-order outer effect will be taken up.
V. ANALYSIS OF THE INNER REGION
For the inner region it is useful to begin with the y-component ͗ y y ͘ # ͑y ,Re * ͒ that is shown in Fig. 8 . In this scaling, ͗ y y ͘ # = ͗ y y ͘ / U 0 u ‫ء‬ 3 / 2 , the curves decrease toward zero with Reynolds number. To verify this consider the maximum values that occur at about y + = 14. They are plotted in Fig. 9 as a function of u ‫ء‬ / U 0 . The limit u ‫ء‬ / U 0 → 0 is equivalent to the limit Re ‫ء‬ → ϱ and shows that the trend is indeed toward zero. Therefore this scaling is not proper and ͗ y y ͘ i_0 # =0. Again, because ͗ y y ͘ i_0 # ͑y + ,Re ‫ء‬ ͒ is zero, Eq. ͑2.7͒ indicates that the limit Re ‫ء‬ → ϱ of ͗ y y ͘ + ͑Y ,Re ‫ء‬ ͒ will be the first-order part. The y-component vorticity data in this scaling, ͗ y y ͘ + = ͗ y y ͘ / u ‫ء‬ 4 / 2 , are displayed in Fig. 10 . Even at these somewhat low Reynolds numbers the curves at all Reynolds numbers collapse together. Thus, the y-vorticity fluctuations are solely the first-order term in Eq. ͑2.5͒; ͗ y y ͘ i_1 + ͑y + ͒. For further work, an analytic curve with arbitrarily chosen functions was fit to the Re ‫ء‬ = 2003 data. It is
͑5.1͒ C 0 = 26.54; C 1 = 5.651; C 2 = 0.0467.
The curve looks almost symmetrical in logarithmic coordinates; however, there is a slower dropoff at high y + . This is modeled more accurately by the arctan function than by an exponential function. This function also has the proper asymptotic trend ͑which will be found later͒; ϳC / y + as y + → ϱ. The z-component and x-component are more difficult because they have two nonzero terms of different orders. Figure 11 shows the z-component of vorticity, 
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At small values of y + the curves are fairly close and correlate well. Because the curves are finite and nonzero, the mixed scaling is a proper scaling for this zero-order component. However, the Reynolds number is not high enough to determine the high Re ‫ء‬ limit as required by Eq. ͑2.6͒.
The bump that is evident around y + =8-40 decreases with Reynolds number. This indicates a process that does not scale in this variable. It is evident that the bump is caused by higher-order motion as it corresponds to the same region in y + , where the higher-order y-component motion reaches a maximum, and further more, a similar bump occurs in the x-component data. As an estimate, 80% of the higher-order motion y-component motion, Eq. ͑5.1͒, was subtracted from the Re= 2003 data to arrive at the curve called "conjectured zero order." A 100% subtraction leads to negative values. Additional data at higher Reynolds numbers are needed to give a more reliable result. An analytic function is fitted to the conjectured zeroorder curve and is given by the dotted markers. The fit is very good. The equation chosen is 
Substituting the data for ͗ z z ͘ # ͑y + ,Re͒, Eq. ͑5.2͒ for ͗ z z ͘ o_1 # ͑y + ͒ gives, in principle, the first-order component. This is shown in Fig. 12 . The data correlate well, which indicates that the "conjectured" curve is reasonable. This separation into zero-and first-order parts correlates the data correctly.
The streamwise x-vorticity component is a similar story. The following analytic expression is used to represent the limit behavior:
͑5.5͒ C 0 = 0.1969; C 1 = 7.812; C 2 = 6.460.
Although this is the same mathematical form as ͗ y y ͘ i_1 + , this x-component is slightly further out than the other firstorder components.
VI. HIGHER-ORDER ANALYSIS OF THE OUTER REGION
In Sec. IV it was shown that vorticity fluctuations in the outer region approach zero ͑are not properly scaled͒ when scaled by the viscous length / u ‫ء‬ and either the friction velocity u ‫ء‬ or the mixed velocity ͱ u ‫ء‬ U 0 ͑also true for U 0 ͒. On the other hand, turbulent fluid is defined to be vortical and nonturbulent fluid is irrotational. In pipes and channels all fluid is turbulent and vortical. Thus, we should seek a higherorder term in the expansion equation ͑2.4͒ to represent the vorticity in the outer region.
One way to find the proper scaling and gauge function is to consider the trend in ͗ i i ͘ + ͑Y͒ with Reynolds number. Plotting all vorticity component values at the outer position Y = 0.1 in log-log coordinates as a function of Re ‫ء‬ reveals that they decrease as ͗ i i ͘ + ϳ 1 / Re ‫ء‬ . Hence, an order-one outer variable will be ͗ i i ͘ + Re ‫ء‬ . Define another nondimensional vorticity by
The scale has the physical interpretation as the Kolmogorov time scale ͑reciprocal squared͒, = ͱ / = ͑h / u ‫ء‬ 3 ͒ 1/2 . This interpretation hypothesizes that the dissipation rate has scales h and u ‫ء‬ . Spalart 2 used this same scaling in his boundary layer calculation. Other scalings using h, U 0 , and u ‫ء‬ are not of order one. They either become infinite or zero as Re ‫ء‬ becomes large. The z-component ͗ z z ͘ ͑Y͒ is plotted in Fig. 15 , and it correlates very well for high Reynolds numbers.
Next consider the issue of matching between the inner and outer representations. If the outer expansion is written in the form of Eq. ͑2.4͒, it would be
This o _ 2 term can match with the inner term 
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there is a change in the dependent variable scale by the factor 1 / Re ‫ء‬ . A scale change in 1 / Re n means that the inner should behave as 1 / ͑y + ͒ n as y + → ϱ and the outer should behave as 1 / ͑Y͒ n as Y → 0. 31 For this situation n = 1, and an asymptote is drawn in Fig. 15 with the slope of 1 / Y. It fits well with the data. Thus the matching common part also confirms that Eq. ͑6.1͒ is the proper scaling.
The z-component data were expressed with a simple curve that is also shown in Fig. 15 ,
͑6.3͒ C 0 = 0.6706, C 1 = 0.2083, C 2 = − 1.4321, C 3 = 0.9046.
Because the matching between inner and outer is the same form for x and y components as for the z-component, the form of Eq. ͑6.3͒ also works for those components, but with slightly different coefficients.
The x and y-vorticity fluctuation components have curves similar to the z component and are presented as ratios; Figs. 16 and 17 . Plotting in this form reveals that there is a pronounced tendency toward isotropy in the outer region as the Reynolds number increases. The rms ratio y Ј/ z Ј is nearly 1 for the far outer region, and the ratio x Ј/ z Ј is about 1.07 at Y = 0.1 and decreases toward 1 as Y increases.
VII. COMPOSITE EXPANSION
Predictions of profiles at other Reynolds numbers can be made with an additive composite expansion. Such representations are also uniformly valid in y. A general form is the inner expansion plus the outer expansion, expressed in the inner variable, minus the common part. For the z-component this would be
On the right hand side the first term is Eq. ͑5.2͒, the second is formed with 80% times Eq. ͑5.1͒, and the third term is Eq. ͑6.3͒ with Y ⇒ y + / Re ‫ء‬ . The fourth term is actually cancelled by the C 0 / Y term in the third term.
VIII. FLUCTUATING WALL SHEAR STRESS
There is a direct relationship between the wall vorticity and the wall shear stress for a Newtonian fluid. It is n · =−nx, where n is the unit normal vector, the viscosity, and the shear stress. is customary, one nondimensionalizes the mean square fluctuations by the average wall shear stress, 0 = u ‫ء‬ 2 , the fluctuating stresses Ј are
From Eq. ͑8.1͒ one finds that the ratio of the spanwise to streamwise fluctuations is constant; rms_z / rms_x = 0.669 ϳ 2 / 3. Let the root mean square fluctuating stress be rms_x ϵ ͱ͗ yx Ј yx Ј ͘. The ratio of fluctuating stress to average stress is predicted by Eq. ͑8.1͒ to increase slowly with Reynolds number,
When U 0 / u ‫ء‬ = 20 the ratio is rms_x / 0 = 0.39; at U 0 / u ‫ء‬ = 30, rms_x / 0 = 0.48; and at U 0 / u ‫ء‬ = 38, rms_x / 0 = 0.54. Measurements contain too much scatter to verify a Reynolds number trend. The traditional value is rms_x / 0 = 0.40.
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The proper scaling to become independent of Reynolds number is 
͑8.3͒
Inactive motions are the reason for this scaling.
IX. DISCUSSION AND SUMMARY
The inner region of a turbulent wall layer has intense fluctuations of vorticity which scale in two ways. This is consistent with the idea that the u ͑and w͒ velocity fluctuations have parts that scale differently. Thus, a two-term asymptotic expansion is needed for the inner region vorticity fluctuations ͗͘. For example,
The zero-order term is nondimensionalized with the mixed velocity ͗͘ i_0 Figure 18 displays estimates for the zero-order ͑inactive͒ components. The scrubbing of Townsend's inactive u and w velocity components over the wall ͑together with the no-slip condition͒ produces a fluctuating vorticity in the x and z directions. Recall that x = ‫ץ‬w / ‫ץ‬y − ‫ץ‬v / ‫ץ‬z and z = ‫ץ‬v / ‫ץ‬x − ‫ץ‬u / ‫ץ‬y. The vertical velocity v is thought to be completely active, so we expect that the y-derivatives of u and w provide the zero-order vorticity. Zero-order vorticity is negligible above y + = 40-50. This implies that inactive u and w fluctuations which are further out are irrotational. Consider an analogy with Stokes' oscillating flow over a plate. The depth of viscous penetration is independent of the magnitude of the oscillation and depends on the frequency as ␦ = 4.5 ͱ 2 / ⍀.
The lowest frequency penetrates furthest. For y + = 50 the lowest frequency would be ⍀ / ͑u ‫ء‬ 2 / ͒ = 0.016. The vertical vorticity y = ‫ץ‬u / ‫ץ‬z − ‫ץ‬w / ‫ץ‬x is zero at the wall because spanwise and streamwise gradients must be zero in the wall. Away from the wall the zero-order y-component continues to be zero, as zero-order u and w velocity parts are evidently irrotational in the x-z planes.
The wall vorticity fluctuations are related with the fluctuating wall shear stress. These fluctuations are entirely due to zero-order motions and therefore do not scale with u ‫ء‬ as does the average wall stress. The DNS data predict a Reynolds number effect given by rms_x / 0 = 0.0875 ͱ U 0 / u ‫ء‬ .
Since the spanwise stress has the same dependence, the ratio is constant, rms_z / rms_x ϳ 2 / 3. The first-order vorticity fluctuation profiles for ͗͘ i_1 + = ͗͘ i_1 / ͑u ‫ء‬ 4 / 2 ͒ are summarized in Fig. 19 . These ͑active͒ vorticity components are the average viscous effects associated with the production of Reynolds shear stress. All components are zero at the wall and with a zero slope. The y and z-fluctuations begin about y + = 2 and reach a maximum about y + = 14. The streamwise x-component begins a little later, y + = 4, and reaches its maximum about y + = 20. All components are roughly the same magnitude, drop rapidly toward zero, and are nearly zero after y + = 400. The first-order vorticity components drop to zero much further out than do the zero-order components. For information purposes, the turbulent kinetic energy production term −͗uv͘ + dU + / dy + is plotted in Fig. 19 . It has the same location and shape as the first-order vorticity curves, but perhaps decays a little faster.
The outer region is an interesting situation. DNS data show that a two-term expansion of the form of Eq. ͑9.1͒ ͓or Eq. ͑2.4͔͒ has zero for both terms of all components. Further investigation indicates that the proper expression for an order-one expression is scaled as ͗ i i ͘ = ͗͘ / u ‫ء‬ 3 / ͑h͒. This means that vorticity fluctuations in the outer region scale with the Kolmogorov time scale ͱ ͑h͒ / u ‫ء‬ 3 . The extended expansion for Eq. ͑2.4͒ in the outer region would read
u ‫ء‬ Re ‫ء‬ U 0 +¯.
͑9.2͒
In order to match the inner region, second term in Eq. ͑8.1͒, ͗ x x ͘ i_1 + , there is a scale change in the dependent variable of 1 / Re ‫ء‬ . This scale change in the vorticity requires that the common part of the outer is C 0 / Y, which matches the common part in the first-order inner as C 0 / y + . All three vorticity components have this behavior with slightly different constants C 0 .
In principle the matching layer, which corresponds to the log layer in velocity, is the inner part of the outer layer and the outer part of the inner layer. In this region Adrian et al. 34 envision vortex packets and uniform momentum regions. Away from the matching region, the DNS data show that vorticity is nearly isotropic. The Kolmogorov scaling implies that dissipation is important there.
A plot of the composite expansion for spanwise vorticity at several Reynolds numbers is given in Fig. 20 . It is constructed using the analytic expressions given in the text. Since the typical u ‫ء‬ scaling is used, the curves will become unbounded as the Reynolds number increases. Analytic expressions given for various components rely on the assumption that the Re ‫ء‬ = 2000 data represent a mature channel flow that adequately characterizes high Reynolds number behavior.
